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Abstract
Let X be a metric continuum. Let A(X) = {A ⊂ X: A is an arc or a one-point set} and
F2(X) = {A ⊂ X: A is nonempty and A has at most two points}. In this paper we show that if
X is a fan (i.e., X is a dendroid with exactly one ramification point) and A(X) is homeomorphic
to F2(X), then X is a dendrite. The question whether this implication is true for all dendroids is still
open.  2002 Elsevier Science B.V. All rights reserved.
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A continuum is a compact connected metric space. Given a continuumX, the hyperspace
2X of X is defined by
2X = {A⊂X: A is nonempty and closed}.
We consider 2X with the Hausdorff metric H . Other hyperspaces considered here are
C(X)= {A ∈ 2X: A is connected},
F1(X)=
{{p} ∈ 2X: p ∈X},
F2(X)=
{
A ∈ 2X: A has at most two elements},
A(X)= {A ∈ 2X: A is a singleton or an arc}.
The interested reader can found some results related to A(X) in [5, Chapter 19] and [3].
The hyperspaceF2(X) is also named two symmetric product of X. Given ε > 0 and a point
p in a continuum X with metric d , let B(ε,p) = {q ∈ X: d(p,q) < ε}. A dendroid is a
pathwise connected hereditarily unicoherent continuum. A dendrite is a locally connected
dendroid. A dendroid with exactly one ramification point is called a fan. A simple n-od is
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a fan with exactly n end points. A simple triod is a simple 3-od. A map is a continuous
function.
When X is a dendroid, any two elements p,q ∈X can be joined by a unique arc denoted
by pq . We extend this notation by writing {p} = pp for each p ∈ X. Then we have a
natural bijection g :F2(X)→ A(X) given by g({p,q}) = pq . It is easy to show that for
a dendroid X, X is a dendrite if and only if g is continuous. Thus in the case that X
is a dendrite, F2(X) and A(X) are homeomorphic. Thus the following problem arises
naturally:
Question 1. Are the dendrites the only dendroids X for which F2(X) and A(X) are
homeomorphic?
In [7], Soto considered this question and proved that if X is either the harmonic fan
(the cone over the set {0} ∪ {1, 12 , 13 , . . .}) or the cone over the Cantor set, then F2(X) and
A(X) are not homeomorphic [7, Examples 5.11 and 5.13]. In this paper we show that if
X is a fan, then the answer to Question 1 is positive. We start with two partial answers to
Question 1. From them we can see that if h :F2(X)→A(X) is a homeomorphism and X
is not locally connected, then h can not be simple.
Theorem 2. Let X be a continuum. Suppose that h :F2(X)→A(X) is a homeomorphism.
If h(F1(X))= F1(X), then X is a dendrite.
Proof. Let d be a metric for X. Let p be a point of X and ε > 0. In order to prove that X is
locally connected, it is enough to show that X is connected im kleinen at p (see [6, 5.22]).
By continuity of h−1, there exists a δ > 0 such that if A,B ∈ A(X) and H(A,B) < δ,
then H(h−1(A),h−1(B)) < 12ε, and by continuity of h, there exists an η > 0 such that if
A,B ∈ F2(X) and H(A,B) < η, then H(h(A),h(B)) < 12δ.
Let q be a point of X such that d(p,q) < η. Then H({p,q}, {p}) < η. Thus
H(h({p,q}), h({p})) < 12δ. By hypothesis, h({p}) is a one-point set, so the set B =
h({p,q}) is an element in A(X) that has diameter less than δ. Fix a point z ∈ B , by
[1, Theorem 14.6], there exists an order arc from {z} to B . That is, there exists a map
α : [0,1] → A(X) such that α(0) = {z}, α(1) = B and if s  t , then α(s) ⊂ α(t). Let
s ∈ [0,1]. Note that H(α(s), {z}) < δ. By the choice of δ, H(h−1(α(s)), h−1({z})) < 12ε.
By hypothesis, there exists x ∈X such that h({x})= {z}. Thus h−1(α(s))⊂ B( 12 ε, x).
Note that the map h−1 ◦ α : [0,1] → F2(X) is a path joining {p,q} and {x}. Let A =⋃{h−1(α(s)): s ∈ [0,1]}. Note that {p,q} ∪ {x} ⊂ A. By [1, 15.9], A is a subcontinuum
of X and A ⊂ B( 12ε, x). Therefore, p,q ∈ A and the diameter of A is less than ε. This
completes the proof that X is connected im kleinen at p. Therefore,X is locally connected.
By [6, Theorem 10.10], in order to prove that X is a dendrite, we only need to show
that X does not contain a simple closed curve. Suppose to the contrary that X contains a
simple closed curve S. Then there exists a sequence of subarcs {An}∞n=1 such that An→ S
and An ⊂ S for each n 1. Then the sequence {An}∞n=1 does not contain any subsequence
converging in A(X). Therefore, A(X) is not compact. This is a contradiction since A(X)
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is homeomorphic to F2(X) and F2(X) is compact (see [5, 0.66.7]). Therefore, X is a
dendrite. ✷
Theorem 3. Let X be a continuum. Suppose that there exists a homeomorphism
h :F2(X) → A(X) such that {p,q} ⊂ h({p,q}) for each {p,q} ∈ F2(X). Then X is a
dendrite.
Proof. By Theorem 2 it is enough to show that h({p}) = {p} for each p ∈ X. Let
p ∈ X. Suppose that {p} = h({x, y}), where x, y ∈ X. By hypothesis {x, y} ⊂ {p}. Thus
h({p})= {p}. Therefore X is a dendrite. ✷
Lemma 4. Let X be a nonlocally connected dendroid such thatA(X) is compact. Then X
contains:
(a) an arc A,
(b) two points p = q in A,
(c) a sequence of points {pn}∞n=1 in X−A, and
(d) a sequence of points {qn}∞n=1 in A
such that:
(i) pn → p, qn→ q ,
(ii) p1q1 − {q1},p2q2 − {q2}, . . . are pairwise disjoint,
(iii) pnqn ∩A= {qn} for every n ∈N, and
(iv) pq − {p,q} does not contain ramification points of X.
Proof. Since X is a nonlocally connected dendroid, by [2, Theorem 13], X contains a
semi-comb or a semi-broom. It follows that X contains:
(a) an arc A,
(b) two points p = q in A,
(c) a sequence of points {pn}∞n=1 in X−A, and
(d) a sequence of points {qn}∞n=1 in A; for the case of semi-broom [2, Definition 11],
take qn = q for each n
such that:
(i) pn → p, qn→ q ,
(ii) pnqn ∩A= {qn} for each n, and
(iii) p1q1 − {q1}, p2q2 − {q2}, . . . are pairwise disjoint.
In order to finish the proof of the lemma, we only need to show that pq−{p,q} does not
contain ramification points of X. Suppose to the contrary that there exists a ramification
point z of X in pq − {p,q}. Since qn → q , there exists N  1 such that z = qn for each
n  N . Let n  N . Since pq ⊂ A and A is an arc, there exists a point w ∈ X − A such
that wz ∩ A = {z}. Then z ∈ wqn. By (ii), qn ∈ wpn. Thus wpn = wz ∪ zqn ∪ qnpn. By
the compactness of A(X), there exists a subsequence {wpnk }∞k=1 of {wpn}∞n=1 converging
to an element α ∈A(X) such that nk  N for each k. Since w, z, qnk and pnk belong to
wpnk for each k, we have w, z, q and p belong to α. Therefore, the simple triod wz ∪ pq
is contained in α. This is a contradiction since α is an arc or a one-point set. The lemma is
proved. ✷
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Theorem 5. Suppose that X is a fan such that F2(X) and A(X) are homeomorphic. Then
X is a dendrite.
Proof. Let d be a metric for X. Suppose that X is not locally connected. Then the
ramification point of X has infinite order. Since F2(X) is compact, there exist A, p, q ,
{pn}∞n=1 and {qn}∞n=1 with the properties mentioned in Lemma 4. Suppose that h :F2(X)→
A(X) is a homeomorphism. We are going to prove the following:
Claim 1. q is the ramification point of X and there exists N  1 such that q = qn for each
nN .
Let v be the ramification point of X. Let n  1. Since pnqn ∩ A = {qn} and A is an
arc, then either qn is an end point of A or qn = v. This implies that there is a constant
subsequence {qnk }∞k=1 of {qn}∞n=1. Since qn → q , qnk = q for each k. Since pn1q − {q},
pn2q − {q} and pn3q − {q} are nonempty and pairwise disjoint, pn1q ∪ pn2q ∪ pn3q is
a simple triod. This proves that q = v. Since each qn can take only three values, namely,
the end points of A or v, we conclude that there exists N  1 such that q = qn for each
nN .
Claim 2. If z ∈X − {q} and h({x, y})= {z}, then if x = y , either x is an end point of X
or y is an end point of X.
Suppose to the contrary that x = y and neither x nor y is an end point of X. Thus, there
exist one-to-one maps α,β : [0,1] → X such that α( 12 ) = x , β( 12 ) = y and α(s) = β(t)
for each s and t . Let ϕ : [0,1] × [0,1] → A(X) be given by ϕ(s, t) = h({α(s),β(t)}).
Then ϕ is a one-to-one map such that ϕ( 12 ,
1
2 ) = {z}. Since z = q , we may assume that
ϕ(s, t) = q for each s, t ∈ [0,1]. Let B =⋃{ϕ(s, t): s, t ∈ [0,1]}. By [1, 15.9], B is a
subcontinuum of X. Notice that z ∈ B . Since q /∈ B , B is an arc. By [1, Example 5.1],
there exists a homeomorphismψ :C(B)→[0,1]×[0,1] such that ψ({z})= (0,0). Hence
ψ ◦ ϕ : [0,1] × [0,1]→ [0,1] × [0,1] is a one-to-one map such that ψ ◦ ϕ( 12 , 12 )= (0,0).
This is a contradiction that proves Claim 2.
Claim 3. For each z ∈ pq − {p,q}, h({z}) is an arc, that is h({z}) /∈ F1(X).
Suppose to the contrary that h({z}) ∈ F1(X). Since A(X) is compact, there exists a
subsequence {pnkqnk }∞k=1 of {pnqn}∞n=1 converging to an element C ∈A(X). By Claim 1,
we may assume that qnk = q for each k  1. Since p,q ∈ C, C is an arc and pq ⊂ C.
Let ε > 0 be such that d(z,p), d(z, q) > 3ε. Let δ > 0 be such that if H(D,E) < 2δ
and D,E ∈ A(X), then H(h−1(D),h−1(E)) < ε. Let η > 0 be such that η < ε, and if
H(D,E) < η and D,E ∈ F2(X), then H(h(D),h(E)) < δ.
Let k  1 be such that d(p,pnk ) < ε and there exists a point w ∈ pnkqnk such that
d(w, z) < η such that h({w,z}) = {q}. Then H({w,z}, {z}) < η, H(h({w,z}), h({z})) < δ.
Let F = h({w,z}). Since h({z}) is a one-point set, the diameter of F is less than 2δ.
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Fix a point u ∈ F − {q} and let α : [0,1] → A(X) be such that α(0) = {u}, α(1) = F
and α(s) ⊂ α(t) if s  t , the existence of α follows from [1, Theorem 14.6]. Then
H(α(s),F ) < 2δ for each s ∈ [0,1]. This implies that H(h−1(α(s)), {w,z}) < ε for each
s ∈ [0,1]. Let G =⋃{h−1(α(s)): s ∈ [0,1]}. By [4, Theorem 7.2], G has at most two
components. Since H({w,z}, {z}) < ε and H(h−1(α(s)), {w,z}) < ε for each s ∈ [0,1],
we have p,pnk and q = qnk do not belong to G. Notice that w,z ∈ h−1(α(1))⊂G. Notice
that pnkqnk ∩ A = {qnk } = {q}, z ∈ pq ⊂ A and w ∈ pnkqnk imply that q ∈ wz. If G is
connected, then wz ⊂ G and q ∈ G, which is a contradiction. Thus G has exactly two
components K1 and K2. Since q ∈wz, it is not possible that w,z ∈Ki for some i = 1,2.
Thus we may assume that w ∈K1 and z ∈K2.
Let A1 = {{c, e} ∈ F2(X): c ∈ K1 and e ∈ K2}. Then h−1(α(s)) ∈ A1 ∪ F2(K1) ∪
F2(K2) for each s ∈ [0,1]. Since A1, F2(K1) and F2(K2) are pairwise disjoint compact
subsets of F2(X), the connectedness of the set {h−1(α(s)): s ∈ [0,1]} and the fact
that {z,w} = h−1(α(1)) ∈ A1 imply that {h−1(α(s)): s ∈ [0,1]} ⊂ A1. In particular,
h−1(α(0)) = h−1({u}) ∈ A1. This implies that there exist c ∈ K1 and e ∈ K2 such that
h({c, e})= {u}. Since u = q , Claim 2 implies that either c or e is an end point of X. Given
i = 1,2, Ki is a subcontinuum of X which does not contain q . Hence Ki is an arc. The
arc K1 intersects the arc qpnk , the only ramification point of X is q , and q,pnk /∈K1. This
implies that K1 ⊂ qpnk − {q,pnk }. So c ∈ qpnk − {q,pnk }. Hence c is not an end point
of X (K2 ∩ pq = ∅). Similarly, e is not an end point of X. This contradiction completes
the proof of Claim 3.
Claim 4. If z ∈X−{q} and h({z})= ab for some a, b ∈X, then a = b or one of the points
a or b is an end point of X.
Suppose to the contrary that h({z})= ab, where a = b and neither of the points a and
b is an end point of X. Then there exist points c, e ∈ X such that ab ⊂ ce − {c, e}. By
[1, Example 5.1], there exists a homeomorphism ϕ : [0,1] × [0,1] → C(ce) such that
ϕ( 12 ,
1
2 ) = ab. Since z = q , we may assume that q /∈ h−1(ϕ(s, t)) for every s, t ∈ [0,1].
Let D =⋃{h−1(ϕ(s, t)): s, t ∈ [0,1]}. Since {z} = h−1(ϕ( 12 , 12 )), [1, 15.9] implies that
D is a subcontinuum of X such that q /∈ D. Thus D is an arc. It is easy to show
that there is a homeomorphism ψ :F2(D) → [0,1] × [0,1] such that ψ({z}) = (0,0).
Hence, ψ ◦ h−1 ◦ ϕ : [0,1] × [0,1] → [0,1] × [0,1] is a one-to-one map such that
(ψ ◦ h−1 ◦ ϕ)( 12 , 12 )= (0,0). This is a contradiction and completes the proof of Claim 4.
Claim 5. If B ∈ F2(X), then q ∈ B if and only if for each neighborhood U of B in F2(X),
the arc component of U that contains B is not embeddable in the Euclidean plane.
In order to prove the necessity of Claim 5, let U be an open subset of F2(X) such that
B ∈ U and let C be the arc component of U that contains B . Then there exist a simple triod
T and an arc D of X such that T ∩D = ∅ and the set A = {{c, e} ∈ F2(X): c ∈ T and
e ∈ D} is contained in C . Since A is homeomorphic to T ×D and T × D contains the
complete graph K5, we have that A is not embeddable in the Euclidean plane [6, 9.36].
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To show the sufficiency of Claim 5, suppose that q /∈ B . Let U be an open subset
of X such that B ⊂ U and q /∈ clX(U). Let U = {D ∈ F2(X): D ⊂ clX(U)}. Clearly,
U is a neighborhood of B in F2(X). Let C be the component of U that contains B and
let C = ⋃{D: D ∈ C}. Then C is compact. By [4, Theorem 7.2], C has at most two
components. Since q /∈ C, the components of C are arcs. Let D = {D ∈ F2(X): D ⊂ C}.
If C has one component, then D is homeomorphic to F2([0,1]). If C has two components
I and J , thenD is homeomorphic to the disjoint union of the sets F2(I), F2(J ) and I × J .
In any case D is embeddable in the Euclidean the plane. Since C ⊂D, C is embeddable in
the Euclidean plane. Therefore, the arc component of U that contains B is embeddable in
the Euclidean plane.
Claim 6. Let B ∈ A(X). If q is an end point of B or if B = {q}, then for each
neighborhood U of B in A(X), the component of U that contains B is not embeddable
in the Euclidean plane.
Let U be an open neighborhood of B in A(X). Let C be the component of U that
containsB . Then there exists an arc of the form qr0 (q = r0) such that qr0 ∈ C . Since q is of
infinite order, we can select points r1, r2, and r3 in X−{q} such that any two of the arcs qri
and qrj (i, j = 0,1,2,3) intersect only at the point q . Let α0 : [0,1]→ qr0 be a continuous
bijection such that α0(0)= q and α0(1)= r0. Let ϕ : (qr1 ∪ qr2 ∪ qr3)× [0,1] →A(X)
be given by ϕ(z, t) = zα(t). Clearly, ϕ is a one-to-one map. Since ϕ(q,1) ∈ U and
U is open, we can choose a simple subtriod T of qr1 ∪ qr2 ∪ qr3 and a number s < 1
such that ϕ(T × [s,1]) ⊂ U , and then ϕ(T × [s,1]) ⊂ C . Since ϕ(T × [s,1]) contains a
homeomorphic copy of the complete graph K5, by [6, 9.36], C is not embeddable in the
Euclidean plane.
Claim 7. Let η : [0,1]→ F2(X) be a map such that q ∈ η(t) for each t ∈ [0,1]. Then there
exists a map ζ : [0,1]→X such that η(t)= {q, ζ(t)} for each t ∈ [0,1].
Let t ∈ [0,1]. Since q ∈ η(t), η(t) is of the form η(t)= {q, ζ(t)} for some ζ(t) ∈X.
We need to prove that ζ is continuous. Suppose that {tn}∞n=1 is a sequence in [0,1]
converging to a number t ∈ [0,1]. Suppose that ζ(tn)→ x for some x ∈X. Thus η(tn)=
{q, ζ(tn)} → {q, x} and η(tn)→ η(t)= {q, ζ(t)}. Hence, {q, x} = {q, ζ(t)} and x = ζ(t).
This proves the continuity of ζ and ends the proof of Claim 7.
Claim 8. Let c, e ∈X be such such that q ∈ ce− {c, e}. Then for each ε > 0, there exists
a δ > 0 such that if C ∈A(X) and H(ce,C) < δ, then q ∈C and there exist u,v ∈X such
that C = uv, H(uq, cq)< ε and H(qv, qe) < ε.
First, we prove that there exists an η > 0 such that if H(ce,C) < η and C ∈ A(X),
then q ∈ C. Suppose to the contrary that there is no such η. Then there exists a sequence
{Cn}∞n=1 in A(X) such that Cn → ce and q /∈ Cn for each n 1. Since q is a ramification
point of X, there exists a point z ∈X− ce such that zq ∩ ce= {q}. For each n 1, let wn
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be the unique point in Cn satisfying zwn ∩ Cn = {wn}. Since z /∈ limCn, we may assume
that z /∈ Cn for each n 1. Since q is the only ramification point of X, wn is an end point
of Cn. Thus zwn ∪ Cn is an arc in X. By the compactness of A(X), we may assume that
the sequence {zwn ∪ Cn}∞n=1 converges to an arc C0. Note that z, q, c, e ∈ C0. Therefore
the arc C0 contains the simple triod zq ∪ ce. This contradiction proves the existence of η.
Now suppose that there is no such δ as in Claim 8. Then there exists a sequence {Cn}∞n=1
in A(X) such that Cn → ce, q ∈ Cn for each n  1, and if un and vn are the end points
of Cn, then
H(unq, cq) ε or H(qvn, qe) ε and
H(vnq, cq) ε or H(qun, qe) ε . . . . (∗)
Let z ∈X−ce be such that zq∩ce= {q}. Since Cn → ce, there exist sequences {cn}∞n=1
and {en}∞n=1 in X such that cn→ c, en→ e and cn, en ∈Cn for each n 1. Since A(X) is
compact, taking a subsequence if necessary, we may assume that cnen → F for some arc
F in X and H(cnen,F ) < η for each n 1. Since cn, en ∈ cnen ⊂ Cn for each n 1, we
have c, e ∈ F ⊂ ce. Thus F = ce and H(cnen, ce) < η for each n 1.
By the choice of η, we have q ∈ cnen ⊂ unvn for each n  1. Let u′n, v′n ∈ {un, vn} be
such that cn ∈ u′nq and en ∈ v′nq . Since z /∈ limCn, and ce is not contained in zq , we
may assume that z /∈ Cn and cn, en /∈ zq for every n  1. Since q is the only ramification
point of X, it follows that zq ∩ qu′n = {q} and zq ∩ qv′n = {q}. Thus zq ∪ qu′n = zu′n and
zq∪qv′n = zv′n. SinceA(X) is compact, there exist subsequences {zu′nk }∞k=1 and {zv′nk }∞k=1
of the respective sequences {zu′n}∞n=1 and {zv′n}∞n=1 converging to two arcs E1 and E2,
respectively.
Since zu′nk = zq ∪ qu′nk , zv′nk = zq ∪ qv′nk , and qv′nk ∪ qu′nk ⊂ Cn for each k  1,
we have E1 ⊂ zq ∪ ce and E2 ⊂ zq ∪ ce. Since cnk ∈ qu′nk , enk ∈ qv′nk for each k  1,
cnk → c and enk → e, we have c ∈ E1 and e ∈ E2. Thus c, z ∈ E1 ⊂ zq ∪ ce and E1
is an arc. This implies that E1 = zc = zq ∪ qc. Similarly, E2 = ze = zq ∪ qe. We have
proved that zq ∪ qu′nk → zq ∪ qc and zq ∪ qv′nk → zq ∪ qe. Since qu′nk ∪ qv′nk ⊂ Cnk ,
then qu′nk → qc and qv′nk → qe. Therefore, there exist k  1 such that H(qu′nk , qc) < ε
and H(qv′nk , qe) < ε. If u
′
nk
= unk and v′nk = vnk , we obtain a contradiction to the first part
of (∗) and if u′nk = vnk and v′nk = unk we obtain a contradiction to the second part of (∗).
In any case we obtain a contradiction. This completes the proof of Claim 8.
Claim 9. Let ψ : [0,1] → A(X) be a map. Suppose that ψ satisfies one of the
conditions A, B or C below. Then there exists an arc D in X such that ψ(t) ⊂ D for
each t ∈ [0,1] and there exist maps α,β : [0,1] → X such that ψ(t) = α(t)β(t) for
each t ∈ [0,1].
A. q /∈ ψ(t) for each t ∈ [0,1],
B. ψ(t) is not degenerate and q is an end point of ψ(t) for each t ∈ [0,1], and
C. ψ(t) is not degenerate and q is not an end point of ψ(t) for any t ∈ [0,1].
First we prove that if there exists an arc D in X such that ψ(t)⊂D for each t ∈ [0,1],
then there exist α and β with the mentioned properties. Consider one order in the arc D.
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Thus, we can define α,β : [0,1] → D ⊂ X by α(t) = minψ(t) and β(t) = maxψ(t).
Clearly, α and β satisfy the required conditions.
Now, suppose that ψ satisfies condition A. In this case, by [1, 15.9], the set D =⋃{ψ(t): t ∈ [0,1]} is a subcontinuum of X which does not contain the point q . This
implies that D is an arc and, clearly, ψ(t)⊂D for each t ∈D.
Now, suppose that ψ satisfies condition B. By [1, 80.20] there is an end point e0
of X such that ψ(0) ⊂ qe0. In this case we prove that ψ(t) ⊂ qe0 for each t ∈ [0,1].
Suppose to the contrary that there exists t0 ∈ [0,1] such that ψ(t0) qe0. Let t1 =max{t ∈
[0, t0}: ψ(t) ⊂ qe0}. Then t1 < t0. Since q is an end point of ψ(t) for each t ∈ [0,1]
and q is the only ramification point of X, we have ψ(t) ∩ qe0 = {q} for each t ∈ (t1, t0].
Consider homeomorphisms α : [0,1] → ψ(t1) and β : [0,1] → ψ(t0) such that α(0) = q
and β(0)= q . Let γ,λ : [0,1]→A(X) be given by γ (r)= qα(r) and
λ(r)=
{
qβ(2r), if 0 r  12 ,
ψ
(
t0(2− 2r)+ t1(2r − 1)
)
, if 12  r  1.
Since qβ(1) = ψ(t0), λ is well defined and continuous. Then λ is a path joining the
elements λ(0) = {q} and λ(1) = ψ(t1), and γ is a path joining the elements γ (0) = {q}
and γ (1)=ψ(t1). If λ(r)= γ (s) for some r, s ∈ [0,1], then λ(r)⊂ qe0. If λ(r) = {q}, then
λ(r) is not contained in ψ(t) for any t ∈ (t1, t0]. This implies that t0(2−2r)+ t1(2r−1)=
t1. Thus r = 1 and λ(r)=ψ(t1). We have proved that λ([0,1])∩ γ ([0,1])= {{q},ψ(t1)}.
Let λ1, γ1 : [0,1] → F2(X) be given by γ1 = h−1 ◦ γ and λ1 = h−1 ◦ λ. Since h−1
is a homeomorphism, λ1([0,1]) ∩ γ1([0,1])= {h−1({q}), h−1(ψ(t1))}. Given t ∈ [0,1],
γ (t) and λ(t) satisfy the hypothesis of Claim 6. Applying Claims 6 and 5, we obtain that
the point q belongs to γ1(t) ∩ λ1(t). By Claim 7, there exist maps ζ, ξ : [0,1] → X such
that γ1(t) = {q, ζ(t)} and λ1(t) = {q, ξ(t)} for each t ∈ [0,1]. Since {q, ζ(0)} = γ1(0) =
h−1({q}) = λ1(0) = {q, ξ(0)} and {q, ζ(1)} = γ1(1) = h−1(ψ(t1)) = λ1(1) = {q, ξ(1)},
ζ(0)= ξ(0), and ζ(1)= ξ(1). If ζ(t)= ξ(s) for some t, s ∈ [0,1], then γ1(t)= λ1(s). This
implies that {q, ζ(t)} ∪ {q, ξ(s)} ⊂ {h−1({q}), h−1(ψ(t1))}. Thus {q, ζ(t)} = {q, ζ(0)} or
{q, ζ(t)} = {q, ζ(1)}. Hence ζ(t) = ζ(0) or ζ(t) = ζ(1). We have proved that ζ([0,1]) ∩
ξ([0,1])= {ζ(0), ζ(1)}. Since {q} =ψ(t1), ζ(0) = ζ(1). Therefore, ζ([0,1]) and ξ([0,1])
are two subcontinua of X with non-connected intersection. This contradiction completes
the proof of part B of Claim 9.
Finally suppose that ψ satisfies condition C.
Let J = {t ∈ [0,1]: q ∈ ψ(t)}. It is easy to show that J is a closed subset of [0,1]. By
Claim 8, J is an open subset of [0,1]. By the connectedness of [0,1], we have J = ∅ or
J = [0,1]. If J = ∅, the conclusion follows from part A of this claim. Thus we may assume
that J = [0,1].
For a given t ∈ J , q is not an end point of ψ(t). Let c, e be the end points of ψ(t).
Let ε > 0 be such that H(cq, qe) > 3ε, d(q, c) and d(q, e)  ε. Let δ > 0 be as in
Claim 8. Let η > 0 be such that if s, r ∈ [0,1] and |s− r| η, then H(ψ(s),ψ(r)) < δ. Let
Lt = {s ∈ [0,1]: |s − t| η}. Given s ∈ Lt , by the choice of δ, there exist κ(s),ω(s) ∈X
such that
ψ(s)= κ(s)ω(s), H (κ(s)q, cq)< ε and H (qω(s), qe)< ε . . . . (∗∗)
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Since d(q, c) ε and d(q, e) ε, κ(s) = q = ω(s). Consider the functions κ1,ω1 :Lt →
A(X) given by κ1(s)= qκ(s) and ω1(s)= qω(s). Next, we show that κ1 and ω1 are con-
tinuous.
Let s ∈ Lt . Let ε1 > 0 be such that ε1 < ε. Let δ1 > 0 be as in Claim 8 for the arc
ψ(s) and the number ε1. Let η1 > 0 be such that if r ∈ [0,1] and |s − r| < η1, then
H(ψ(s),ψ(r)) < δ1. Let r ∈ Lt be such that |s − r| < η1. Then H(ψ(s),ψ(r)) < δ1.
By the choice of δ1, there exist u,v ∈ X such that ψ(r) = uv, H(uq, κ(s)q) < ε1 and
H(qv, qω(s)) < ε1. On the other hand, ψ(r) = κ(r)ω(r). Thus {u,v} = {κ(r),ω(r)}. If
κ(r)= v, then by (∗∗), H(cq, qe)H(cq, κ(r)q)+H(vq, qω(s))+H(qω(s), qe)< 3ε.
This contradicts the choice of ε and proves that κ(r) = v. Hence v = ω(r) and u= κ(r).
Therefore, H(κ(r)q, κ(s)q) < ε1 and H(qω(r), qω(s)) < ε1. That is H(κ1(r), κ1(s)) <
ε1 and H(ω1(r),ω1(s)) < ε1. This completes the proof that κ1 and ω1 are continuous.
By the proof of the part B of this claim, there exist points e1, e2 ∈ X such that
κ1(s) ⊂ qe1 and ω1(s) ⊂ qe2 for each s ∈ Lt . Let Dt = qe1 ∪ qe2. Thus Dt is an arc
and ψ(s)⊂Dt for each s ∈Lt .
By the compactness of [0,1], there are finitely many sets Lt1, . . . ,Ltm covering [0,1].
We may assume that Lti ∩ Lti+1 = ∅ for each i < m. Given s ∈ Lt1 ∩ Lt2 , there is a
maximal arc D0 in X containing ψ(s) [1, 80.20]. Since ψ(s) ⊂ Dt1 ∩ D0 and q is the
only ramification point of X and q is not and end point of ψ(s), we have Dt1 ⊂ D0.
Similarly, Dt2 ⊂D0. Thus Dt1 ∪Dt2 ⊂D0 and ψ(r)⊂D0 for each r ∈ Lt1 ∪Lt2 . Now let
r ∈Lt2 ∩Lt3 . Since ψ(r)⊂Dt3 ∩D0, it follows that Dt1 ∪Dt2 ∪Dt3 ⊂D0. Following this
procedure, we conclude that Dt1 ∪ · · · ∪Dtm ⊂D0. This completes the proof of part C and
of Claim 9.
Claim 10. There exists an end point e0 of X such that e0 ∈ h({q}).
Let z be a point in pq−{p,q}. By Claim 3, h({z}) is not degenerate. By Claim 4, h({z})
contains an end point of X and by Claims 5 and 6, q is not an end point of h({z}). Fix a
point z0 ∈ pq−{p,q}. Let D0 be a maximal subarc of X such that h({z0})⊂D0 [1, 80.20].
Then there exist end points e1, e2 of X such that D0 = e1e2. For each z ∈ pq − {p,q},
consider the map h|F1(zz0) :F1(zz0)→A(X). By part C of Claim 9, there exists an arc D
in X such that h({w}) ⊂ D for each w ∈ zz0. Then h({z0}) is a subarc of D ∩ D0 and
q is not an end point of h({z0}), since q is the only ramification point of X and D0 is
maximal; this implies that D ⊂ D0. Therefore, h({z}) ⊂ D0 for each z ∈ pq − {p,q}.
Given z ∈ pq − {p,q}, h({z})⊂D0 and h({z}) contains an end point of X. This implies
that one of the points e1 or e2 belongs to h({z}). By continuity of h, one of the points e1 or
e2 belongs to h({q}). Suppose that e1 ∈ h({q}). Let e1 = e0.
Claim 11. Let {Bn}∞n=1 be a sequence in A(X) such that Bn → B , B is not a one-point
set, and q is an end point of Bn for each n 1. Then q is an end point of B .
Suppose to the contrary that q is not an end point of B . Since q ∈ Bn for each n  1,
q ∈ B . Since q is a ramification point of X, there exists a point z ∈ X − B such that
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zq ∩B = {q}. Since z /∈ limBn, we may assume that z /∈ Bn for each n 1. Since B  zq ,
we may assume that Bn  zq for each n 1. Then qz Bn and Bn  qz for each n 1.
Since q is the only ramification point of X, qz ∩ Bn = {q}. Thus zq ∪ Bn is an arc. By
the compactness of A(X), there exists a subsequence {zq ∪ Bnk }∞k=1 of {zq ∪ Bn}∞n=1
converging to an arc D in X. Thus zq ∪ B ⊂ D. This is a contradiction since zq ∪ B
is a simple triod. So, Claim 11 is proved.
Claim 12. Let B ∈ F2(X) be such that q ∈ B . Then h(B)= {q} or h(B) is an arc and q
is an end point of h(B).
If q /∈ h(B), let U be a closed neighborhood in A(X) such that h(B) ∈ U and q /∈⋃U .
Let C be the component of U containing B . By [1, 15.9], ⋃C is a subcontinuum of X
which does not contain q . Thus
⋃C is an arc. Hence C ⊂ A(⋃C) and A(⋃C) is a 2-cell
[1, Example 5.1]. Therefore, C is embeddable in the Euclidean plane. On the other hand,
by Claim 5, h−1(C) is not embeddable in the Euclidean plane. This contradiction proves
that q ∈ h(B). If h(B)= {q}, then we are done. So suppose that h(B) = {q}. Then h(B) is
an arc.
Suppose, contrary to Claim 12, that q is not an end point of h(B). By Claim 11, there
exists a closed neighborhood U of h(B) in A(X) such that for each C ∈ U , C is not
degenerate and q is not an end point ofC. LetD be a maximal arc in X such that h(B)⊂D.
Let C be the arc component of U that contains h(B). By Claim 5, C is not embeddable in
the Euclidean plane. Let C ∈ C and let ψ : [0,1] → C be a map such that ψ(0) = h(B)
and ψ(1) = C. By part C of Claim 9, there exists an arc D1 in X such that ψ(t) ⊂ D1
for each t ∈ [0,1]. Notice that h(B) ⊂ D ∩ D1, D is a maximal arc in X and q is the
only ramification point of X. This implies that D1 ⊂ D. In particular C ⊂ D. We have
proved that C ⊂ A(D). Since A(D) is a 2-cell, C is embeddable in the Euclidean plane.
This contradiction ends the proof of Claim 12.
Now, we are ready to obtain a contradiction.
By Claims 10 and 12, h({q}) = qe0. Let points u and v in X − {q} be such that the
intersection of any two of the arcs uq , vq and qe0 is exactly the point q and h({x, q})
is not degenerate for each x ∈ uq ∪ vq . Let α,β : [0,1] → X be one-to-one maps such
that α([0,1]) = qu, β([0,1])= qv, α(0) = q , α(1) = u, β(0) = q and β(1) = v. Given
t ∈ [0,1], by Claim 12, h({q,α(t)}) is a subarc of X with q as its end point. By Claim 9
there exists an arc D in X such that h({q,α(t)})⊂D for each t ∈ [0,1], and there exists
a one-to-one map η : [0,1] → X such that h({q,α(t)}) = qη(t) for each t ∈ [0,1]. Since
h({q,α(0)})= qe0, we have qe0 ⊂D, e0 is an end point of D and η(0)= e0. Therefore,
η([0,1]) is a subarc of qe0 that contains e0. Similarly, there exists a map λ : [0,1] → X
such that h({q,β(t)}) = qλ(t) for each t ∈ [0,1] and λ([0,1]) is a subarc of qe0 that
contains e0. This implies that λ([0,1]) ⊂ η([0,1]) or η([0,1]) ⊂ λ([0,1]). Suppose for
example that η([0,1])⊂ λ([0,1]). Then, for each t > 0, there exists st ∈ (0,1] such that
η(t) = λ(st ). This implies that α(t) = β(st ). Therefore qu ⊂ qv. This contradicts the
choice of u and v and completes the proof that X is locally connected. ✷
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